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1 Introduction

The paper of Enrico Serra and Paolo Tilli [2] proves a conjecture by Ennio De Giorgi, which states that certain
weak solutions of nonlinear wave equations of the form w”’ + Aw + [w|? 2w = 0 can be obtained as limits of
functions that minimise suitable functionals. The conjecture was published in 1996 in the Duke Mathematical
Journal [1]].

Conjecture 1.1. (De Giorgi.) Let k > 1 be an integer number. For &€ > 0, let v.(t, x) denote the minimiser of
the convex functional

- 1 1
Fo(v) = f f {1 0P + 1900, DF + 5 Ivte, 0P
0 R” & &

subject to the boundary conditions
v(0, x) = a(x), V' (0,x) =B(x), xeR", 1
where a,3 € Cy°(R") are given functions. Then, for almost every (t, x) € R* x R", the limit

w(t, x) = limv,(t, x),
£e—0

exists and the function w(t, x) solves in R* X R" the nonlinear wave equation
w’ = Aw — kw? 1, 2)

with initial conditions
w(0,x) = a(x), w(0,x)=pB(x), xeR" 3

This conjecture shows that we can approximate some hyperbolic problems with suitable elliptic problems.
It is also important to notice that this conjecture gives the existence for the solution of the nonlinear wave
equation for any k > 1, and even for supercritical k, where uniqueness is not known.

The report is organised as follows. In Section [I] we will state the main theorem of the paper. In Section

we introduce the time scaling and the spaces that we will use then in Section |3| where we prove the main
theorem. Finally in Section 4] we will prove some technical propositions and lemmata.

1.1 Notation

Let us explain the notation we will use in this report. In what follows,
e Leta e R",r € Ry, then B,(a) denotes the open unit ball centered in a.

e For w(t,x) : R* x R" — R, let w/(t, x) := 0,w be the first derivative in ¢ of w, and then w”’,w’”, ... the
higher derivatives in ¢ of w.

e Q) c R" will denote an open set.

e FormeN,m> 0, let
CO(Q) = {f :Q — R: fiscontinuous on Q},
c"(Q) = {f eC'Q): Yo e N"s.t. |a| < m, D® f is continuous on Q},
Co(Q) := {f Q- R:feC™(Q),Yme N}.
For f € C%(Q), we can define the norm

1l = igg{v(xn}.

o C(Q) = D denote the set of compactly supported and infinitely differentiable functions and £ its dual.



o Let
esssup f = inf{a eR: f(x)<aforae. xe Q}.

For 1 < p < o0, define
1
1z = (fQ |f|pdx)l , ifp<oo,
€ss Sup |f|» ifp = 00,
Let then
2@ = {7 Il < +oo).

FormeN, 1< p < oo, let
WP (Q) = { felP(Q): Ya e N st. o] < m, the weak derivative D* f € L”(Q)},

H™(Q) := {f e’ YaeN'st |o| <mDf € LZ(Q)}.

For1 < p < oo, let
LP

loc

Q) = {f :Q —> R: VK c Qcompact, f € LP(K)}.

1.2 Main theorem

Let us analyse how the minimisers v, of F. are related to the non linear wave equation (2) and what kind of
compactness they need to converge to a solution of the nonlinear wave equation. For every n € C°(R* X R"),
we can show that v, the minimiser of F, satisfies the Euler-Lagrange equation

f f eV + VvV + I§)|Ve|” “vendxdt = 0.
0 n

Then, given an arbitrary ¢ € C7°(R* x R"), we have, letting n(t, x) = e g(t, x),

- f f V(XY + 28y + @) dxdt + f (Vv.Vo + ’—2’|v€|!’*2v8¢)dxdr =0.
0 n 0 Rn

We need that v, converges when £ — 0 to a function w that satisfies the non linear wave equation (Z) (with
p = 2k), i.e. if we derive its Euler-Lagrange equation :

f W¢' + VwVe + ’—2’|w|f’*2w¢)dxdt =0, YpeCyR"xR". 4)
0 R~

Let us analyse which kind of compactness is required on v, in order for any limit point w of {v.}..o withe — 0
to satisfy (@). The first two terms need only a weak convergence (up to some subsequence) on v, and Vv,.
Indeed, if passing to a subsequence {v,,}ieny, with & — 0 when i — oo

ve, =w in H'((0,T)xR"),

—f f v’si(s?go” +2g;¢" + @) dxdr + f f Vv, Vodxdt — f f (—w'¢" + VwV)dxdt.
0 Jrr 0 " 0 Jrr

The third term is not linear so we need v, to converge locally strongly in LP~! to w (up to some subsequence).
In particular, if for all 7 and j, passing to a subsequence v,,,

then

ve, > w in  LP7'((0,T) x B;(0)),

then . .
- f Vel 2vapdxdt — f IwlP2wedxdt.
0 Jrr 0 Jrr
Thus we get
f f W o + VwVe + glwlp’zwgodxdt =0,
O n

and w satisfies the Euler-Lagrange equation (@).
This leads us to the main theorem of the paper of Serra and Tilli [2].
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Theorem 1.2. For p > 2 and € > 0, let v(t, x) denote the unique minimiser of the strictly convex functional

- 1 1
F.(v) = f f e-’/8{|v"(t, 0P + IV 0P + v, x)I"}dxdt,
0 R® & &

under the boundary conditions (1)), where a and B are given functions such that

Then

1.

a,B € H'(R") N LP(R").

Estimates. There exists a constant C > 0 (which depends only on «,B, p and n) such that, for every
e€(0,1),

T
f (IVvel? + velP)dxdt < CT, VT > &, (5)
0 R»

f V., x)Pdx < C, ve(t, x)Pdx < C(1 + %), Yt>0, (6)
n Rn

and, for every function h € H'(R") N LP(R™),

< C(”h”LP(Rn) + ”Vh”LZ(Rn)), for ae. t>0. (7)

f Vi (t, x)h(x)dx

Convergence. Every sequence v, (with &; — 0) admits a subsequence that is convergent, in the strong
topology of L1((0, T) X A) for every T > 0 and every bounded open set A C R" (with arbitrary q € [2, p)
if p > 2, and with g = 2 if p = 2), almost everywhere on R* x R", and in the weak topology of
H'((0,T),R") for every T > 0, to a function w such that

we LR LP(RY), Vwe L®R*; LP(RY)), ®)

w e L®(R*; L*(R"), weL®(0,T);H'®R") YT >0, )

which solves in R* X R" the nonlinear wave equation
w’ = Aw — glwlp_zw. (10)

with initial conditions as in ().

Energy inequality. Letting

&) = f (W' (1, 0P + [Yw(t, 0 + w(z, 0")dx, (1)
Rn
the function w(t,x) satisfies the energy inequality

&) < 8(0) = f (IB@P + Va0 + la(x)P)dx, fora.e. t>0. (12)
Rn

2 Time scaling

In

© ) 1 1
Fo(v) = f f e E{IV”(s, OF + V(s 0P + 5 (s 0 }dxds,
0 n & &

the dependence in ¢ in the exponential will be an issue for the estimations. Therefore, the idea is to rescale the
integral letting ¢t = s/& and u(t, x) = v(et, x) in order to get rid of the dependence in ¢ in the exponential.
For € > 0, we let

Jo(u) = f f e {u” (1, )1 + E2Vu(t, x)P* + |u(t, x)|P }dxd.
0 Rz

We have F,(v) = £3J.(u). The minimisation of F.(v) under the initial conditions (@ is equivalent to the
minimisation of J.(u) under the initial conditions

u(0,x) = a(x), u'(0,x) = &B(x).
3



Let U be the set of (equivalence classes of) functions u € L}DC(RJr X R™) such that

Vuell

loc

(R+ X Rn), u// c Ll

loc

(R" xR"),

and such that

00 1/2 00 1/p
Nl = ( f f e (4 )P + [Vu(t, x)lz}dxdt) + ( f f e lut, x)l”dxdt) < +oo.
0 R» 0 n

Note that U, endowed with the norm || - ||/, is a Banach space. Let
U p=f{ueU:u@,x) =ax), u'(0, x) = gB(x)}.

Notice that (Lljﬁ is a closed and convex subset of U. As (Lljﬁ # ( (consider for instance u(z, x) = a(x)+e1B(x)),
we can show that J.(#) admits a unique minimiser in (le’ﬁ. We will always denote by u.(t, x) the minimiser of
Jo(u) in ﬂgﬁ.

3 Proof of the main Theorem

In this section, we will sketch the proof of Theorem[I.2] Therefore we will need some definitions and results
that we will show in Sectioni4l Define

Lo(t) = f (mg(t, O + AVt 0P + 2un(t, x)l”)dx, forae. > 0. (13)
Rn

H. (1) := foo e *Lg(s)ds, t=>0. (14)

Note that H, is continuous, nonnegative and nonincreasing, and H.(0) = J.(u). In particular, we see that
e'Ly(t) € L'(R*) and H € W"'((0, T)) for every T > 0, with

H.(t) = —e'L.(t), forae.r>0. (15)
Further, let
D1 = f lu/(t, x)|*dx, forae. >0, (16)
and .
L(t) := 3 lul(t, x)|*dx, Vt=0. (17)
Rn

By Lemma below, e'I(f) is in W (R, so Tlim e TI(T)=0,1,isin W-(0,T) for all T > 0 and

I(H) = f u(t, x)ul (¢, x)dx, forae.r>0. (18)
Rn

Moreover
(e'I(t)) = —e 'I(t) + e"'I.(1), forae.t. (19)

Finally, set

E (1) := I(1) = I[() + %Hs(t)
(20)

t

1 <
== f |, (2, X)|dx - f u.(t, x)u (¢, x)dx + < f e *L.(s)ds, forae.t>0.
2 RVI R’X 2 t

We assume for the moment the following result, that we will prove in Section

Lemma 3.1. There exists a constant C = C(«, 3) such that the minimiser u. satisfies

f f e”'|uPdxdt < C&?, Q1)

0 n

f f e”'luPdxdt < C&, (22)
O n

f f e”'lug|*dxdt < C, (23)
0 R"

f f e~"ul(t, x)llull (t, x)ldxdt < Ce?. (24)
0 Jre
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3.1 The function E,

In this section, we will explain why the function E, is central for the proof. First let state some interesting
results for E,.

Proposition 3.2. The function E(t) satisfies
E. =-2D.in D'(R").

In particular, the function E4(t) is nonincreasing, belongs to WH1((0, T)) for every T > 0, and therefore it
admits a continuous representative.

The proof of this Proposition is quite technical and will be given in Section ]

Lemma 3.3. The function E.(t) is nonnegative. More precisely,
I.(t) + %l foo H.(s)ds < E.(t), Yt=0. (25)
t
Proof. From (19), for almost every s > 0 we have that
I + 3H) = ¢ ES),

and hence, for any two numbers 7' > ¢ > 0, integration over (¢, T) yields
1 T T
e 'Lt — e TI(T) + 5 f H(s)ds = f e SEq(s)ds
t t

< E.(f) f ' eds = Eg(r)(e‘f - e‘T),

since E, is nonincreasing (see Proposition . Letting T — oo and using that Tlim e TI(T) = 0, we get the

result.

Finally, the following lemma (that we will not prove in this report) gives a good estimate of E,.
Lemma 3.4. There exists a constant C = C(«a, 3) > 0 such that

0 < En(t) < EJ0) < Ce*, Vt>0, (26)
where by E.(0) we mean the value at t = 0 of the continuous representative of E.(t).

We introduced the function E, because it bounds from above I, and H, from Lemma @] and it has good
properties. In particular E, is nonincreasing by Proposition [3.2] and can be well estimated by Lemma [3.4]
From Lemma 3.3]and [3.4] we obtain the following:

Theorem 3.5. There exists a constant C = C(a,8) > 0 such that

t+1
f (IVug(s, )P + lus(s, x)|P)dxds < C, ¥t >0, 27)
t o Jr
and
20,0 = f lul (1, ¥)*dx < C?, ¥t > 0. (28)
er
Note that (23] breaks in two pieces:
t 00
% f Ho(s)ds < E.(t), Vi3> 0, (29)
t
and
1(t) < E.(), Vt>0. (30)

Then, (27) follows from (29) and (26), while (28) follows directly from (30) and (26). Moreover, roughly
speaking, by (27), two of the three terms of J.(u) are bounded, so we can show that the last term is bounded :

Theorem 3.6. There exists C = C(a, ) > 0 such that, for every function hin H' N L?,

'f u (t, x)h(x)dx| < CeZ(IIhIIU +||VAll;2), forae t>0,
R’l
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3.2 Estimates

Here we prove the estimations on the minimisers v.(z, x) of F, mentioned in Theorem[I.2] i.e. (3), (&) and (7).
Note that
ug(t,x) = ve(et,x), t>0, xeR", 31

and
ve(0,%) = a(x), vi(0,x) = B(x). (32)

We get (7) directly from Theorem [3.6] using (3). In order to prove (3), let us rewrite (27) in terms of v, using
. t+1
f (IVve(es, X)I> + [ve(es, x)IP)dxds < C, VYt = 0.
t R

now, substituting o= = &s,

El+E 1
f f —(IVve(o, X)I* + ve(o, x)|P)dxdo < C, Vi > 0.
& R €

t

Since ¢ is arbitrary, we can rename T = &t :

T+E
f f (IVve(or, X)) + ve(or, X)|P)dxdo < Ce, Y1 > 0.
T R

Now we want to integrate over [0, T] with T > &. So let us take a set of [T'/&] intervals of the form [z, ¢ + £]
that covers all [0, T']. Then we can just sum the integral over those intervals to get an estimation for the integral
over [0, T]:

T
f (IVve(o, )P + |ve(o, ¥)|P)dxdo < Ce[T /] < 2CT, VT > e. 33)
0 Jrr

This proves (8). In order to show (6)), let us use (Z8) with 7/ instead of #:

f lui(t/e, x)[dx = f lev(t, ¥)2dx < C&?,
Rﬂ Rn

which implies
f V.(t, x)*dx < C. (34)

This proves the first part of (). Then,
!
Vs(t7 -x) = VS(O’ .X') + f VS(S7 x)ds,
0

and as (a + b)> < 2(a®> + b*) V(a,b) € R?,
t 2 ! 2
vett, 0P < (Ive0, 01 + f Vs, Dids) < 2,0, 0F + 2 f Vs, D)
0 0
By Holder inequality
!
ve(t, X)I* < 2|ve(0, x)|> + 2¢ f V. (s, X)Pds.
0

By the initial conditions (B) we know that v.(0, x) = a(x) € L*(R"). Thus, using (34)

f
ve(t, )PPdx <2 | |e(x)]* + 21 f V.(s, x)*dxds < C(1 + 1),
R» 0 R»

Rn

and (6) is proved.

3.3 Passage to the limit
In this Section, we will show the Convergence part of Theorem|[I.2] i.e. (8), (@) and (T0).



3.3.1 Euler-Lagrange equation

We will show here that we have the compactness conditions required in the discussion from Section[I.2] Let
Q" denote the cylinder (0, T) X R". From the first part of the theorem ((5) and (6))), for all T > 0 there exists
Cr > 0 such that

[Vellgiory + IVellrory < Cr.
Take the family of balls {B;(0)} jew, and let AJT. = (0,T) X Bj(0). Note that v, € H'(Q") implies v, € LZ(A]T) for
all jand T > 0. For p > 2, we also have that the v, are equibounded in L”(AJT) forevery T > O and j. Asa

consequence, by a diagonal argument and up to passing to a subsequence, we can assume that for every 7 > 0
and every j,

Ve =W in Hl(QT), (35)
ve—=w in LP(Q"), (36)
ve > w in LYAT) forevery g € [2,p), (forg =2, if p=2), (37)

for a suitable function w that belongs to H'(Q”) N L”(QT) for all T > 0. By the discussion from Section[1.2]
we get that w is a weak solution, in R* x R”, of the nonlinear wave equation (I0), as claimed in Theorem[I.2

3.3.2 L* bounds

Here we will prove (8) and (9). Letting £ — 0 in (33), by lower semicontinuity we get

1+T
f f (|VW|2+|W|"’)S CT, VY1>0.
o Je

Dividing by T and letting T — 0, one obtains (8). Moreover, letting £ — 0 in (6), by lower semicontinuity we
have

W' (z, x)|?dx < C, f w(z, x)Pdx < C(1 + %), forae. >0,
R}I er

which yields (9).

3.3.3 Initial conditions

Now we want to show that w satisfies the initial conditions (3). Let us prove the first condition. For all &, for
all a(r) € C3(R) and h(x) € L*(R™), and using (6) and the first condition of (32),

—a0) | a()h(x)dx = - f " a’(t)( f vg(t,x)h(x)dx)dt—a(O) f (RN dx
0 R? Rn

R/X
+ f ) a’(t)( f valt, x)h(x)dx)dt
0 "
:f a(t)(f vi(t, x)h(x)dx)dt+f a’(t)(f ve(t, x)h(x)dx)dt,
0 R» 0 R”
by integration by parts. Now letting £ — 0, and using we get
—a(0) a(x)h(x)dx = f ) a(t)( f w(t, x)h(x)dx)dt+ f B a’(t)( f w(t, x)h(x)dx)dt
Rn 0 n 0 "
)
= j(; d—t(a(t) y w(t, x)h(x)dx)dt
= —a(0) f w(0, x)h(x)dx,
RVI

so from the arbitrariness of @ € Cj°(R) and 2 € L*(R™), we have that w(0, x) = a(x). For the second condition,
let X denote the Banach space H'(R") N LP(R"). Given ¢ € L*(R"), we can regard ¢ as an element of X’ letting

(e.h) = fR peren

via the natural embedding L?> < X’. In this sense, the first part of () provides a bound for v/, in L*(R*; X")
and (7 gives a bound for v/ in L*(R*; X"). Passing to a subsequence, we may then assume that v, — ¢ and
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v — i, weakly-* in L*(R*; X”) for suitable ¢1,y, € L*(R*; X’). By and the uniqueness of the limit,
Y1 =w' and ¥, = w”. In particular, w’ € WL=(R*; X’) and w’(0) is well defined as an element of X’. Now,
given i € X and a € C’(R), from the second condition of (33)) we have, for all &,

—a(0){B(x), h(x))y = — f‘x’ a’(t)(f A x)h(x)dx)dt - a(O)f B)h(x)dx + fm a’(l)(f Vit x)h(x)dx)dt
0 n R" 0 n

- f ) a(t)( f v;'(t,x)h(x)dx)dH f ) a'(t)( f v;(t,x)h(x)dx)dt.
0 R» 0 n

Letting € — 0, since a(#)h(x) belongs to L'(R*; X), we obtain that

—a(0) f BX)h(x) = f a(t)( f N w'(t, x)h(x)dx)dt+ f a'(t)( f B w(t, x)h(x)dx)dt
R " 0 R" 0

00 d ,
_ fo d—t(a(t) R x)h(x)dx)dt
=—a(0) | w'(0,x)h(x)dx,
RVI

which, from the arbitrariness of @ € C’(R) and i € X, proves that w'(0) = §, this inequality being meant in
X’. This yields (3).

3.4 Energy inequality

Let us prove the energy inequality (I2). We will need a technical lemma and a proposition that we will not
prove

Lemma 3.7. Let I(t), m(t) be nonnegative functions in L}OC such that

e'f f e *l(2)dzds < m(t), fora.e. t> 0.
t K

Then, for every pair of numbers a > 0 and 6 € (0, 1),

da T+a T+a
( f se—fds) f I(di < f mtdt, VT > 0.
0 T+6a T

Proposition 3.8. (Sharp estimate for E(0)). There exists a constant C = C(«, f3) > 0 such that

2

E©) < % f (IVa/(x)|2 + (P + I[i’(x)lz)dx L Ce
Proof of the energy inequality. From the computation of (¢~*I(s))” and the definiton of E, (see (I9) and (20)),
1
(L)) + SHuls) = € Enls),
and hence, for any two numbers 7' > ¢ > 0, integration over (¢, T) yields
1 T T
e I.() — e TI(T) + 3 f H(s)ds = f e Eq(s)ds
t t

< E.(t) f ' eds = Eg(r)(e" - e‘T),

since E, is nonincreasing from Proposition [3.2] that we will discuss in Section @] Now letting 7 — oo, from
the fact that eI, is in WHI(R*), one has Tlim e TI(T) = 0, and hence

1 00
L) + % f Hy(s)ds < E.(t), Vt>0.
1
This can be rearranged using E.(t) < E.(0)
e’f H.(s)ds < 2E.(0) — 2I.(t), Yt=>0. (38)
t

8



Now, letting
10 = [ (908 & (39)
we have from the definitions of L, and H, ({I3) and (T4)) that

1 [oe)
—H(s) 2 f e *l(z)dz, s=0,
& N

and hence, dividing (38) by &2, we see that we can apply Lemma with /(z) defined as above and m(f) =
2(E(0) — I(1))/€*. As aresult of the lemma, rearranging terms we obtain the inequality

Oa T+a 2 T+a E.(O
( f se”ds) f It + = f Ldr <=9 yr s,
0 T+6a e Jr &

for arbitrary a > 0 and 6 fixed for the moment. We can rewrite the latter inequality in the following form

T+a 2 T+a Eg 0
Y(6a) O f L()dt <a (2 ) vrso. (40)
& T &

T+6a

where we have set for simplicity
Y(z) = f se~ds. 41
0

Now, using the defintions of /() and .(r) ((39) and (I7)), it is convenient to write (@0) explicitly in terms of
the function u,, thus obtaining

T+a
vew [ f Vst D + lus(r, x)|")dx)dz
T+6a n
1 T+a
+ —

5 ( YT > 0.
&€ JT+6a \JR"

2E.(0
|u,(2, x)lzdx)dt <a 2( ),
&

Reexpressing this estimate in terms of v, using (31)) and the change of variable s = &t in the time integral we
find that

T+ea

Y(6a) ( f Va5, P + Vo, x)Ip)dx)ds

T+eba

T+sa
(0
f f [v.(s, x)| dx)ds <a ( ) YT >0,
T+eba

where we have written 7 instead of €T since T is arbitrary. Now, for fixed 6 > 0, any interval (¢, 7 + 0), with
t > gba, can be covered by [6/((1 —6)ea)] consecutive intervals of the kind (T + &6a, T + £a) for suitable values
of T'; summing the corresponding inequalities as above, we find

1+0
Y(6a) f ( (IVve(s, )P + [va(s, x)l”)dx)ds
' R

+o , 2E.(0) 5
+ft (fRn [V.(s, x)|2dx)ds <a - [m-‘, YVt > eba.

Keeping a,6,6 and ¢ fixed, we let & — 0 in the previous inequality. Using the weak convergence of v, in
H'(QT) and LP(QT) ((33) and (36)), by lower semicontinuity we obtain that

+6 1+
Y(6a) f ( (|Vw(s,x)|2+|w(s,x)|p)dx)ds+ f ( f |w'(s,x)|2dx)ds
' R" ‘ n

. ZEs(O)[ 0 D
<al —_— v .
<a IT—félp( - T—6)al) t>0

(42)

To estimate the limsup, observe that

“?35(8[(1 —69)gaD a —(Se)a’

and hence, from Proposition

50 £ (1 -6)ea

lim sup(ZEg(O)[ 0 D < a _60)‘1 fRn(Wa(xNz + la(x)” + [B(0)P)dx,

9



which, plugged into (@2)), yields
1+0
Y(0a) f (f (IVw(s, X)[> + [w(s, x)Ip)dx)ds
' R"
1+0 S
+ f ( W (s, x)|2dx)ds <2 _&0), Vi>o,
t R’X 1 - 9

where &(0) is defined according to (TT). Now, dividing by ¢ and choosing, for instance, § = § and a = 6>

Y(%) f M( f (Vs 9P + s, x)l”)dx)ds

1+ 5
+ f ( W (s, x)lzdx)ds <% &0). Vi>o.
t R" 1-6
letting 6 — 0 and noticing that Y(%) — 1 (see (1)), we find that, by the Lebesgue points Theorem
(Vw(z, )P + [w(t, X)IP)dx + f W'z, x)]Pdx < E0), forae.r>0,

IR R

and the validity of (TT)) is established.

4 Proofs of technical Theorems and lemmata

In this section we will prove Proposition [3.2]and Lemma [3.1]
Proof of Proposition Given an arbitrary 7 € C;°(R™), consider the primitive function

!
e = [ s 3)
Note that g € C*(R*) and
g(t)=0, fortclosetoO. 44)

Let
@(t,6) =1 —6g(0).

We will denote by ¢’ (t, 6) := 0;¢(t,6) and "' (¢, ) := d,¢(t, §). Note that |¢’(t,6)] = 1 — d||n|le for all £ > 0 so
for every 6 in R with |§] small enough, ¢’(¢,§) > 1/2 and for fixed § > 0 small, ¢ is a diffeomorphism of R* of
class C'. Now, for small §, we construct the competitor

Uc(t, x,0) = us(p(t,0), x).

At =0, Us(t, x,0) = us(t, x). If U, € U°

B the minimality of u, implies

d
d—(s]g(Ug(t, x,0)) o =0. (45)

So let us first show that U, € Uy, ; and then derive the left hand side of @5). Using {@4), we get ¢(t,6) = t for
small ¢. Then,
Ue(0,x,0) = a(x), U0, x,6) = &B(x).

Moreover,
U(t, x,6) = u (p(t,0), )¢’ (,6),

UL (1, x,6) = ug(p(t,6), 0l (8, O + u((t, 6), )" (8, 6),
which implies
2

Jo(Un(t, x,6)) = f f (w2 900.0). 01 (0.0 + (6,61, 01 6))
0 Jre

+ Vi1, 6), )P + EXlus(e(1, 6), x>|"}dxdt.
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Let y = ¢!, the inverse being done with respect to ¢, i.e. W(¢(t,6),8) = t. We will denote by ¢'(s,6) :=
0,(s,0). Substituting ¢ = (s, ) in the last integral,

00 2
1(U(t, x,6)) = f W (s, 6)e‘*”“»6>{(u;’(s, Ol (5.0, 00 + 0,5, 2” (0(5,6),0))

0 Rn (46)
+ | Vug(s, ) + &|ug(s, x)l”}dxds.

Now

s = o(Y(s,9),0) = Y(s,6) = 68((s,0)),

In order to show the regularity of i, we can use the implicit function theorem on the function ®(z,6, s) :=
¢(t,6) — s noticing that

0,0(1,6,5) = ¢'(t,6) >

N —

for 6 > 0 small enough and so ¥ is of class C*. Also, we have

Y(s,0) = s+ 5g(Y(s.0)).

From the latter it follows that
Y(s,0) 2 5 = 0llgllw,

which implies
e V00 < pOliglleo o5

Using 1), (22), the finitness of ||¢’|l. and |l¢”||l» and the fact that ¢’(7) is compactly supported, there exists
T > 0 such that

1 T - ’n / ’ 17 2
VoVt 2. O < T e‘s”g””{ f f e‘y(u8<s,x>nw I3 + (s, lle ||m) dxds
- o0 0 n

+ f f e“Y(SZIVug(s, O + Eus(s, x)I”)dxds}
0 n

1 al "o
< g“w(zu L (s, x)Pdxds
1= ollnlle e Jy Jan @ M
T
+2ll¢” 1, f f e lul(s, x)Pdxds + Jg(ug)) < 0,
0 n

and hence U, € U ;. We want to differentiate (46) under the integral sign.
e Let us differentiate ¢’ (s, §)e ¥(9),
0 , 0
55 7(5:0) = 8(Y(s,0)) + 68" (Y5, 6)) (5. ),
and so, as Y(s,0) = s and € C*,
0
F50(5:0) o 8(s),
W'(s,0) = 1+ 68" (Y(s, )Y (s,9),
o , _ , ’ 0 , , a ,
¥ (5:0) = g (Y(s, )W’ (s,0) + 5(8 (W(s,0)) Y (s, O (5, 0) + ' (Y(s, 0) o (8,5)),

0 ’ o
S, 6)‘6:0 = ¢ ().

Therefore

s s

0
S0 = g9e - gl

2
e Let us now differentiate {(u;’(s, X' (WY(s, 9), O+ u, (s, x)¢"” (Y(s, ), 6)) + &2V (s, )+ Xu(s, x)I"’}.
Since P s
P 2 — ’ I
aélso W (s, I" = 2¢" (Y(s, 5),5)8590 (¥ (s,9),9),
@' (Y(s,0),0) = 1 = 6g'(Y(s,9)),
0 0
%W(lﬁ(& 6),0) = —g'(Y(s,0)) — 68" (Y (s, 5))%90(8, 0),
11



it follows

a ’ 2 — ’
6—6|90 (¥ (s,6),0) o 28'(s),
¢"(W(s,0),06) = —68" (Y (s,0)),

0 7 o
5 (l!/(s,é),é)'ézo = —g"(s).

This implies

2
{(u;'(s, DI W5, 6), ) + U (5, 1)@ (U5, 6), 6)) + EIVie(s, 0P + (s, x>|"}

6=0
2 2 2 2
= |u] (5, )| + &7 [Vus(s, 0)|” + &lug(s, x)I,

and
(9 ’” ’ 2 ’ 12 2 2 2 2
o (5 0 W5, 80,00 + 15,06 W(5,0).6) + &1V, O + Plue(s. 1|
6=0
=2(MQ/(S, )¢’ (s, 6), P+ ul(s, )" (W, 5),5)‘ )(M;'(S, x|’ (s, 8), )
=0 5=0 5=0
’ a ’7
(5,05 U5, 6)’5:0)
=2(u;'(s, X) + O)(—Zu;'(s, x)g' () — u.(s, x)g"(s)).
e Finally,

2
%(w%s, 6)e“”<f»‘”{(u;’(s, DI (5. 8), O + (s, 00" (U5, 5). 6)) + EVu, (5, D) + s, x>|P})

=0
—e(g/(s) — g(s)){m;'(s, O + EVu(s, 0P + s, x)|P}

= (5, 0P (5) + 20 (s, 00 5,08 (5) )
Now by the minimality of U, (see (43)), and the definitions of L., D,, I and I/ ((13), (I6), (I7) and (I8)),

f (e_s(g'(s) _ g(s))Lg(s)ds - f f e_s(4Dgg'(s) + 21;(s)g"(s))ds = 0.
0 0 R~

But by integration by parts, (#4)), and since g is bounded, H.(f) = —e 'L.(1) (see (13)) and H(r) — 0 when

t—)OO,

- fo €°8(s)Le(5)ds = g()He(s)

T f " Hu(9)g'(s)ds = - f " Hs)g (s)ds.
0 0 0

So we can rewrite our minimality condition as

f (e*f (s) — Hg(s))g'(s)ds - f e*S(4Ds(s)g’(s) + 21;(s)g"(s)) = 0.
0 0
By definition of g {@3),
foo(Lg(s) - e*Hy(s) — 4Dg(s))e_sn(s)ds -2 f"" I(s)e™n'(s) = 0.
0 0

We want to take e™*n as a single test function in C7(R™):

00

f (Let9) = € Hus) = 4Du(5) = 21105) e nisnds — 2 f L(s)e ™ n(s)) =0,
0 0
1 was arbitrary so e~*7 is an arbitrary test function in C§’(R") and then
d ’ 1 1 t ’ : / +
E(—IS(I)) = ELS(I) -3¢ (1) = 2D, (1) — I,(1), in D'(R").
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By definition of H. (see (T3)),
(e'He(1)) = €'He(1) = Le(2).

By definition of E, (see (20)),
d 1 ’
EL) = 1,0 + 5 (-0 + (%Hgm)
, 1 1 . , 1 ; 1
= 1[0+ 3Le0) = 3¢ Holt) = 2Do(t) = Ii0) + 3¢ Ho®) = S Lo(0)
= —2D(1),

and we get the result.
Proof of Lemma[3.1} In order to prove (Z1)), note that

f f e~ Pdxdt < Jo(uy).
0 n

In order to estimate J.(u.), consider the competitor A(t,x) = a(x) + tgB(x), that belongs to “L(gyﬁ.Using the
minimality of u,, we get

To(ug) < Ju(h) = & fo B f e—’{wh(t, P + I, x)lp}dxdt
<é f (IVa/(x)|2 + |a(x)|P)dx +C &
< Csz,R
and we get (ZI). To prove (22) and (23], we apply Lemma.T|below with A(z, x) = u,(t, x), obtaining
‘fo‘mf el (t, x)*dxdt < 2¢* 5 1B(xX)Pdx + Cae?,

and (22) is established. (23] follows from Lemmad. 1| with & = u, combined with (22)). Finally, (24) is a direct
consequence of (ZT)) and (22), combined with the Cauchy-Schwarz inequality. And the Lemma is proved.

In the previous proof, we used the following lemma

Lemma 4.1. Let h: R* X R” — R be a function such that, for every open set A C R" of finite measure and for
everyT >0, h € L>((0,T) x A) and I € L*((0,T) x A). Then

f f e h(t, x)Pdxdt < 2 f 1h(0, X)|>dx + 4 f f e”'IW (1, x)|*dxdt.
0 n R?I O n

Proof of Lemma Given T > 0, for almost every x € R”, the function w(t) = A(t, x) belongs to W"2(0, T).
So we can integrate by parts and get

T T T
f e 'w)Pdt = —e W] +2 f e~ wOw' (1)dt
0 0 0

< W) + 2( f ' e_’lw(t)lzdt)é( f ' e_’lw’(t)lzdt)%.
0 0

Using 2 Vab < a/2 +2b, we find

T T T
1
f e—f|w(t)|2dts|w(0)|2+E f e'lw)Pdr + 2 f e~'w (H)|2dt,
0 0 0

which implies
T T
f e 'w)Pdt < 2w0)f + 4 f W (0)dt.
0 0

This is true for almost every x € R”, so integrating over R” and letting 7" — oo, we get the inequality. And the
lemma is proved.
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5 Conclusion

Since the publication of [2], the authors extended this method to more general settings. Indeed in [3]], Serra
and Tilli proved that we can approach more general hyperbolic Cauchy problems by minimisation of elliptic
energies. Concerning open questions on the topics of this report, probably the most challenging is to see
whether it is possible to get the convergence without passing to subsequences.
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